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In this paper, two equivalent deﬁnitions of complex strongly extreme points in general
complex Banach spaces are shown. It is proved that for any Orlicz sequence space equipped
with the p-Amemiya norm (1  p < ∞, p is odd), complex strongly extreme points of
the unit ball coincide with complex extreme points of the unit ball. Moreover, criteria for
them in Orlicz sequence spaces equipped with the p-Amemiya norm are given. Criteria
for complex mid-point locally uniform rotundity and complex rotundity of Orlicz sequence
spaces equipped with the p-Amemiya norm are also deduced.
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1. Introduction
Let (X,‖ · ‖) be a complex Banach space over the complex ﬁeld C , let i be the complex number satisfying i2 = −1, and
let B(X) and S(X) be the closed unit ball and the unit sphere of X , respectively. In the sequels N and R denote the set of
natural numbers and the set of real numbers, respectively.
In the early 1980’s, a lot of papers in the area of the geometry of Banach spaces were directed to the complex geometry
of complex Banach spaces. It is well known that the complex geometric properties of complex Banach spaces have appli-
cations in various branches, among others in Harmonic Analysis Theory, Operator Theory, Banach Algebras, C∗-Algebras,
Differential Equation Theory, Quantum Mechanics Theory and Hydrodynamics Theory. It is also known that extreme points
and strongly extreme points which are connected with rotundity and mid-point locally uniform rotundity respectively, are
the most basic and important geometric points in geometric theory of Banach spaces.
Before starting with our results, we need to recall some notions.
A point x ∈ S(X) is said to be a complex extreme point of B(X) if for every non-zero y ∈ X there holds max|λ|=1 ‖x +
λy‖ > 1. A complex Banach space X is said to be complex rotund if every element of S(X) is a complex extreme point
of B(X). The set of all complex extreme points of the unit ball B(X) will be denoted by Ext B(X) (see [8,15]).
A map Φ : R → [0,∞] is said to be an N-function if Φ is vanishing only at zero, even, convex and continuous on the
whole of R+ , limu→0 Φ(u)u = 0, limu→∞ Φ(u)u = ∞. Let p(u) be the right-hand side derivative of Φ(u). For every N-function
Φ we deﬁne its complementary function Ψ : R → [0,∞] by the formula
Ψ (v) = sup{u|v| − Φ(u): u  0},
the complementary function Ψ is also an N-function.
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by
IΦ(x) =
∞∑
j=1
Φ
(∣∣x( j)∣∣) for any x = (x( j)) ∈ lc.
We deﬁne the complex Orlicz sequence space lΦ generated by an N-function Φ by the formula
lΦ =
{
x ∈ lc: IΦ(cx) < ∞, for some c > 0 depending on x
}
.
The space lΦ is usually equipped with the Luxemburg norm
‖x‖Φ = inf
{
ε > 0: IΦ
(
x
ε
)
 1
}
or with the equivalent one
‖x‖◦Φ = sup
{ ∞∑
j=1
∣∣x( j)y( j)∣∣: y ∈ lΨ , IΨ (y) 1
}
called the Orlicz norm.
For a given N-function Φ deﬁne
aΦ =max
{
u  0: Φ(u) = 0}, bΦ =max{u  0: Φ(u) < ∞}.
We say an N-function Φ satisﬁes the 2-condition (Φ ∈ 2, for short) if there are positive constants k and u0 > 0 such
that Φ(u0) < ∞ and Φ(2u) kΦ(u) for |u| u0.
For any 1 p ∞ and u > 0, deﬁne
sp(u) =
{
(1+ up) 1p , for 1 p < ∞,
max{1,u}, for p = ∞.
Furthermore, deﬁne sΦ,p(x) = sp ◦ IΦ(x) for all 1 p ∞ and x ∈ lc . Notice that the function sp is increasing on R+ for
1 p < ∞, however, the function s∞ is increasing on the interval [1,∞) only.
For x ∈ lc , deﬁne the p-Amemiya norm by the formula
‖x‖Φ,p = inf
k>0
1
k
sΦ,p(x), 1 p ∞.
It is known that ‖x‖Φ,1 = ‖x‖◦Φ (see [7]), and it has been proved that the Luxemburg norm and the ∞-Amemiya norm
coincide (see [4]).
For convenience, from now on, we write lΦ,p = (lΦ,‖ · ‖Φ,p), lΦ = (lΦ,‖ · ‖Φ).
Let p+ be the right-hand side derivative of Φ on [0,bΦ) and put p+(bΦ) = limu→b−Φ p+(u). Deﬁne the function αp :
lΦ,p → [−1,∞] by
αp(x) =
⎧⎪⎨
⎪⎩
I p−1Φ (x)IΨ (p+(|x|)) − 1, 1 p < ∞,
−1, p = ∞, IΦ(x) 1,
IΨ (p+(|x|)), p = ∞, IΦ(x) > 1,
and the functions k∗p : lΦ,p → [0,∞), k∗∗p : lΦ,p → (0,∞] by
k∗p(x) = inf
{
k 0: αp(kx) 0
}
(with inf∅ := ∞),
k∗∗p (x) = sup
{
k 0: αp(kx) 0
}
.
It is easy to see that k∗p(x) k∗∗p (x) for any 1 p ∞ and x ∈ lΦ,p .
Let Kp(x) = [k∗p(x),k∗∗p (x)] whenever k∗∗p (x) < ∞ and Kp(x) = [k∗p(x),k∗∗p (x)) whenever k∗p(x) < ∞ and k∗∗p (x) = ∞, and
notice that Kp(x) = ∅ if and only if k∗p(x) = k∗∗p (x) = ∞. Moreover, the p-Amemiya norm is attained at each point k ∈ Kp(x)
provided Kp(x) 	= ∅. More fundamental properties of p-Amemiya norm in Orlicz spaces (1  p ∞) have been discussed
in [4].
For more details on Orlicz spaces we refer to [1,5,9,11–14]. Further details about the geometry of complex Banach spaces
can be found in [10,16–20].
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We introduced the concepts of complex strongly extreme points and complex midpoint locally uniform rotundity of
complex Banach spaces in [2]. In this section, we continue to study the equivalent deﬁnitions of complex strongly extreme
points.
Deﬁnition 1. (See [2].) Let (X,‖ ·‖) be a complex Banach space over the complex ﬁeld C, i be the complex number satisfying
i2 = −1. A point x ∈ S(X) is said to be a complex strongly extreme point of B(X) if for every ε > 0 we have c(x, ε) > 0,
where
c(x, ε) = inf
{
1− |λ|: ∃y ∈ X s.t. ‖λx± y‖ 1, ‖λx± iy‖ 1 and ‖y‖ ε}.
It is not diﬃcult to see that c(x, ε) is a nonnegative and non-decreasing function of ε with c(x,0) = 0 for any ﬁxed
x ∈ S(X). A Banach space X is said to be complex mid-point locally uniformly rotund if every element of S(X) is a complex
strongly extreme point of B(X).
Now, we give two new moduli which are associated with complex strongly extreme points.
Deﬁnition 2. Let (X,‖ · ‖) be a complex Banach space over the complex ﬁeld C, i be the complex number satisfying i2 = −1.
A point x ∈ S(X) is said to be a complex strongly extreme point of B(X) if and only if limδ→1− ωc(x, δ) = 0, where
ωc(x, δ) = sup
{‖y‖: ‖λx± y‖ 1, ‖λx± iy‖ 1, |λ| = δ} (δ ∈ [0,1]).
Obviously, ωc(x, δ) is a nonnegative and non-increasing function of δ, for each ﬁxed x ∈ S(X). Moreover, 0ωc(x, δ) 1,
for every δ ∈ [0,1].
Proof. Necessity. Let x ∈ S(X) be a complex strongly extreme point of B(X). Notice that limδ→1− ωc(x, δ) exists since ωc(x, δ)
is a non-increasing function. Assume limδ→1− ωc(x, δ) = ε0 > 0, by the deﬁnition of limit, there exist δn ∈ [0,1) with δn → 1
such that ωc(x, δn) ε0. From the deﬁnition of ωc(x, δ), there exist yn ∈ X with ‖yn‖ ε0 and λn ∈ C satisfying |λn| = δn →
1 such that
‖λnx± yn‖ 1, ‖λnx± iyn‖ 1.
Therefore, c(x, ε0) = 0 which contradicts the assumption that x ∈ S(X) is a complex strongly extreme point.
Suﬃciency. Assume that limδ→1− ωc(x, δ) = 0, and x ∈ S(X) is not a complex strongly extreme point of B(X). Then there
exists ε0 > 0 such that c(x, ε0) = 0. From the deﬁnition of c(x, ε0), there exist λn ∈ C with |λn| → 1 and yn ∈ X satisfying
‖yn‖ ε0 such that
‖λnx± yn‖ 1, ‖λnx± iyn‖ 1.
Setting δn = |λn|, then ωc(x, δn)  ε0. Since limδ→1− ωc(x, δ) = 0, there exists η ∈ (0,1) such that ωc(x, η) < ε0 for
the above ε0. Combining this with δn → 1, there exists n0 ∈ N such that η < δn0 . Hence, ε0 > ωc(x, η)  ωc(x, δn0 )  ε0,
a contradiction. 
Deﬁnition 3. Let (X,‖ · ‖) be a complex Banach space over the complex ﬁeld C, i be the complex number satisfying i2 = −1.
A point x ∈ S(X) is said to be a complex strongly extreme point of B(X) if and only if for every ε > 0 we have αc(x, ε) > 0,
where
αc(x, ε) = inf|λ|=1
{
inf‖y‖ε
{
max
{‖λx± y‖ − 1, ‖λx± iy‖ − 1}}}.
Proof. Necessity. Let x ∈ S(X) be a complex strongly extreme point of B(X). Suppose that there exists ε0 > 0 such that
αc(x, ε0) = 0. Then there exist λn with |λn| = 1 and yn ∈ X satisfying ‖yn‖ ε0 such that
max
{‖λnx± yn‖ − 1, ‖λnx± iyn‖ − 1} 1
n
, ∀n ∈ N.
Therefore, for each n,
‖λnx± yn‖ − 1, ‖λnx± iyn‖ − 1 1
n
.
Moreover,∥∥∥∥ λnx1+ 1 ±
yn
1+ 1
∥∥∥∥ 1,
∥∥∥∥ λnx1+ 1 ± i
yn
1+ 1
∥∥∥∥ 1.n n n n
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λn
1+ 1n
, choose n large enough such that ‖zn‖ = ‖ yn1+ 1n ‖
ε0
2 . Then ξn → 1, and
‖ξnx± zn‖ 1, ‖ξnx± izn‖ 1.
Hence, we get c(x, ε2 ) = 0 which contradicts the fact that x ∈ S(X) is a complex strongly extreme point.
Suﬃciency. Suppose that for every ε > 0 we have αc(x, ε) > 0, and x ∈ S(X) is not a complex strongly extreme point
of B(X). Then there exists ε0 > 0 such that c(x, ε0) = 0. Consequently, there exist λn ∈ C with |λn| → 1 and yn ∈ X
satisfying ‖yn‖ ε0 such that ‖λnx± yn‖ 1 and ‖λnx± iyn‖ 1. Then∥∥∥∥x± ynλn
∥∥∥∥ 1|λn| ,
∥∥∥∥x± i ynλn
∥∥∥∥ 1|λn| .
Setting zn = ynλn , there exists n large enough such that ‖zn‖ = ‖
yn
λn
‖  ε02 , ‖x ± zn‖  1|λn| , and ‖x ± izn‖  1|λn | . Thus,
max{‖x± zn‖ − 1, ‖x± izn‖ − 1} 1|λn| − 1→ 0 as n → ∞. Hence, we obtain αc(x, ε02 ) 0, a contradiction. 
3. Complex extreme points and complex strongly extreme points
We begin this section with recalling some useful lemmas.
Lemma 1. (See [1].) For any ε > 0, there exists δ ∈ (0, 12 ) such that if u, v ∈ C and
|v| ε
8
max
e
|u + ev|,
then
|u| 1− 2δ
4
e|u + ev|,
where
max
e
|u + ev| =max{|u + v|, |u − v|, |u + iv|, |u − iv|},
e|u + ev| = |u + v| + |u − v| + |u + iv| + |u − iv|.
Lemma 2. (See [6].) For every element x ∈ lΦ,p \ {0}, K p(x) 	= ∅.
Theorem 1. Assume 1 p < ∞ and p is odd, x = (x( j)) ∈ S(lΦ,p). Then the following assertions are equivalent:
(i) x is a complex strongly extreme point of the unit ball B(lΦ,p),
(ii) x is a complex extreme point of the unit ball B(lΦ,p),
(iii) for any k ∈ Kp(x), we have k|x( j)| aΦ for each j ∈ N.
Proof. The implication (i) ⇒ (ii) is trivial. Let x be a complex extreme point of the unit ball B(lΦ,p), and there exist
k0 ∈ Kp(x) and j0 ∈ N such that k0|x( j0)| < aΦ . Then we can ﬁnd d > 0 such that k0|x( j0)| + d < aΦ .
Deﬁne y with y( j) = 0 for j 	= j0 and y( j0) = dk0 . Then y 	= 0 and for any λ ∈ C with |λ| 1,
‖x+ λy‖Φ,p  1
k0
{
1+ I pΦ
(
k0(x+ λy)
)} 1
p
= 1
k0
{
1+
[∑
j 	= j0
Φ
(
k0
∣∣x( j)∣∣)+ Φ(k0∣∣x( j0) + λd∣∣)
]p} 1p
 1
k0
{
1+
[∑
j 	= j0
Φ
(
k0
∣∣x( j)∣∣)+ Φ(k0∣∣x( j0)∣∣+ d)
]p} 1p
= 1
k0
{
1+
[∑
j 	= j0
Φ
(
k0
∣∣x( j)∣∣)]p}
1
p
 1
k0
(
1+ I pΦ(k0x)
) 1
p = 1,
which contradicts the assumption that x ∈ Ext B(lΦ,p).
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ε0 > 0 such that c(x, ε0) = 0. That is, there exist λn ∈ C with |λn| → 1 and yn ∈ lΦ,p satisfying ‖yn‖Φ,p  ε0 such that
‖λnx0 ± yn‖Φ,p  1, ‖λnx0 ± iyn‖Φ,p  1,
which gives∥∥∥∥x0 ± ynλn
∥∥∥∥
Φ,p
 1|λn| ,
∥∥∥∥x0 ± i ynλn
∥∥∥∥
Φ,p
 1|λn| .
Setting zn = ynλn , we have
‖zn‖Φ,p  ‖yn‖Φ,p  ε0, ‖x0 ± zn‖Φ,p  1|λn| , ‖x0 ± izn‖Φ,p 
1
|λn| .
For the above ε0 > 0, by Lemma 1, there exists δ0 ∈ (0, 12 ) such that if u, v ∈ C and
|v| ε0
8
max
e
|u + ev|,
then
|u| 1− 2δ0
4
e|u + ev|.
For each n ∈ N , let
An =
{
j ∈ N: ∣∣zn( j)∣∣ ε0
8
max
e
∣∣x0( j) + ezn( j)∣∣
}
,
z(1)n : z
(1)
n ( j) = zn( j) ( j /∈ An), z(1)n ( j) = 0 ( j ∈ An),
z(2)n : z
(2)
n ( j) = 0 ( j /∈ An), z(2)n ( j) = zn( j) ( j ∈ An).
It is easy to see that zn = z(1)n + z(2)n , n ∈ N , and
∥∥z(1)n ∥∥Φ,p = infk>0 1k
{
1+
[∑
j /∈An
Φ
(
k
∣∣zn( j)∣∣)
]p} 1p
 inf
k>0
1
k
{
1+
[∑
j /∈An
Φ
(
k
ε0
8
max
e
∣∣x0( j) + ezn( j)∣∣
)]p} 1p
 ε0
8
∥∥max
e
|x0 + ezn|
∥∥
Φ,p 
ε0
8
∥∥e|x0 + ezn|∥∥Φ,p  ε02|λn| <
3ε0
4
for n large enough since |λn| → 1.
Consequently, ‖z(2)n ‖Φ,p > ε04 which shows that An 	= ∅ for each n ∈ N . Furthermore, for any j ∈ An , we have∣∣x0( j)∣∣ 1− 2δ0
4
e
∣∣x0( j) + ezn( j)∣∣.
To complete the proof, we consider the following two cases:
(I) kn → ∞, where kn ∈ Kp( 14e|x0 + ezn|).
Then for each n ∈ N ,
1= ‖x0‖Φ,p  1
kn
{
1+ I pΦ(knx0)
} 1
p
= 1
kn
{
1+
[∑
j∈An
Φ
(
kn
∣∣x0( j)∣∣)+ ∑
j /∈An
Φ
(
kn
∣∣x0( j)∣∣)
]p} 1p
 1
kn
{
1+
[∑
j∈An
Φ
(
kn
(
1− 2δ0
4
e
∣∣x0( j) + ezn( j)∣∣
))
+
∑
j /∈An
Φ
(
kn
(
1
4
e
∣∣x0( j) + ezn( j)∣∣
))]p} 1p
 1
kn
{
1+
[
(1− 2δ0)
∑
j∈An
Φ
(
kn
(
1
4
e
∣∣x0( j) + ezn( j)∣∣
))
+
∑
j /∈An
Φ
(
kn
(
1
4
e
∣∣x0( j) + ezn( j)∣∣
))]p} 1p
= 1
kn
{
1+
[
IΦ
(
kn
(
1
4
e
∣∣x0 + ezn∣∣
))
− 2δ0
∑
Φ
(
kn
(
1
4
e
∣∣x0( j) + ezn( j)∣∣
))]p} 1p
.j∈An
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j∈An
Φ
(
kn
(
1
4
e
∣∣x0( j) + ezn( j)∣∣
))

∑
j∈An
Φ(knzn)

[
kpn
∥∥z(2)n ∥∥pΦ,p − 1] 1p

[(
ε0
4
kn
)p
− 1
] 1
p
.
In respect that kn → ∞, we have ( ε04 kn)p − 1> 1 for large enough n. Combining this with the fact that p is odd, we deduce
1= ‖x0‖Φ,p  1
kn
{
1+
[
IΦ
(
kn
(
1
4
e|x0 + ezn|
))
− 2δ0
∑
j∈An
Φ
(
kn
(
1
4
e
∣∣x0( j) + ezn( j)∣∣
))]p} 1p
 1
kn
{
1+
[
IΦ
(
kn
(
1
4
e|x0 + ezn|
))
− 2δ0
((
ε0
4
kn
)p
− 1
) 1
p
]p} 1p
<
1
kn
{
1+
[
IΦ
(
kn
(
1
4
e|x0 + ezn|
))
− 2δ0
]p} 1p
<
1
kn
{
1+ I pΦ
(
kn
(
1
4
e|x0 + ezn|
))} 1
p
= 1,
a contradiction.
(II) kn → k0, where kn ∈ Kp( 14e|x0 + ezn|), k0 ∈ R .
Then for each n ∈ N ,
1
λn

∥∥∥∥14e|x0 + ezn|
∥∥∥∥
Φ,p
= 1
kn
{
1+ I pΦ
(
kn
4
e|x0 + ezn|
)} 1
p
 1
kn
{
1+ I pΦ(knx0)
} 1
p  ‖x0‖Φ,p = 1.
Let n → ∞, we deduce that 1= 1k0 {1+ I
p
Φ(k0x0)}
1
p = ‖x0‖Φ,p .
From (I), we have
1= ‖x0‖Φ,p  1
kn
{
1+
[
IΦ
(
kn
(
1
4
e|x0 + ezn|
))
− 2δ0
∑
j∈An
Φ
(
kn
(
1
4
e
∣∣x0( j) + ezn( j)∣∣
))]p} 1p
 1
kn
{
1+
[
IΦ
(
kn
(
1
4
e|x0 + ezn|
))
− 2δ0
∑
j∈An
Φ
(∣∣∣∣ kn1− 2δ0 x0( j)
∣∣∣∣
)]p} 1p
.
Since kn → k0, we have kn > 1−2δ01−δ0 k0 for n large enough.
Then
1= ‖x0‖Φ,p  1
kn
{
1+
[
IΦ
(
kn
(
1
4
e|x0 + ezn|
))
− 2δ0
∑
j∈An
Φ
(∣∣∣∣ k01− δ0 x0( j)
∣∣∣∣
)]p} 1p
.
Since | k01−δ0 x0( j)| aΦ1−δ0 , j ∈ An , we obtain∑
j∈An
Φ
(∣∣∣∣ k01− δ0 x0( j)
∣∣∣∣
)

∑
j∈An
Φ
(
aΦ
1− δ0
)
> 0.
Combining this with the fact that p is odd, we deduce
1= ‖x0‖Φ,p  1
kn
{
1+
[
IΦ
(
kn
(
1
4
e|x0 + ezn|
))
− 2δ0
∑
j∈An
Φ
(
aΦ
1− δ0
)]p} 1p
<
1
kn
{
1+ I pΦ
(
kn
(
1
4
e|x0 + ezn|
))} 1
p
= 1.
This contradiction completes the proof. 
L. Chen, Y. Cui / J. Math. Anal. Appl. 378 (2011) 151–158 157Theorem 2. (See [18].) If p = ∞, then x = (x( j)) ∈ S(lΦ,p)(S(lΦ,p) = S(lΦ)) is a complex extreme point of the unit ball B(lΦ,p)
(B(lΦ,p) = B(lΦ)) if and only if :
(i) IΦ(x) = 1 or |x( j)| = bΦ for each j ∈ N,
(ii) |x( j)| aΦ for each j ∈ N, and
(iii) for any x ∈ C with x 	= 0 and j ∈ N, we have e|x( j) + ex| > 4|x( j)|.
Theorem 3. (See [3].) If p = ∞, then x = (x( j)) ∈ S(lΦ,p) is a complex strongly extreme point of the unit ball B(lΦ,p) if and only if :
(i) IΦ(x) = 1 or |x( j)| = bΦ for each j ∈ N,
(ii) |x( j)| aΦ for each j ∈ N, and
(iii) for any ε > 0, there exists δ > 0 such that for every 0 	= y ∈ lΦ,p , there holds ‖y(1)‖Φ,p < ε3 , where y = y(1) + y(2) , y(1) =∑
j∈A y( j)ξ j , y(2) =
∑
j /∈A y( j)ξ j, ξ j: ξ( j) = 1, ξ(m) = 0 for any m 	= j and
A =
{
j ∈ N:
∑
e=±1,±i
∣∣x( j) + ey( j)∣∣ 4(1+ δ)∣∣x( j)∣∣}.
4. Complex rotundity and complex mid-point locally uniform rotundity
In this section, we present criteria for complex rotundity and complex mid-point locally uniform rotundity of Orlicz
sequence spaces equipped with the p-Amemiya norm.
Theorem 4. Assume 1 p < ∞ and p is odd, then the following are equivalent:
(i) lΦ,p is complex mid-point locally uniformly rotund,
(ii) lΦ,p is complex rotund,
(iii) aΦ = 0.
Proof. (i) ⇒ (ii) is trivial. Let lΦ,p be complex rotund. If aΦ > 0, then we pick θ ∈ (0,aΦ). Choose x ∈ S(LΦ,p) satisfying
x(1) = 0 and k ∈ Kp(x). Deﬁne y: y(1) = θk , y( j) = x( j) ( j 	= 1).
Obviously, ‖y‖Φ,p  ‖x‖Φ,p = 1. On the other hand,
‖y‖Φ,p  1
k
{
1+
[ ∞∑
j=1
Φ
(
k
∣∣y( j)∣∣)
]p} 1p
= 1
k
{
1+
[
Φ(θ) +
∞∑
j=2
Φ
(
k
∣∣y( j)∣∣)
]p} 1p
= 1
k
{
1+
[ ∞∑
j=2
Φ
(
k
∣∣y( j)∣∣)
]p} 1p
= ‖x‖Φ,p = 1.
Thus, ‖y‖Φ,p = 1k (1+ I pΦ(ky))
1
p = 1. However the condition k|y(1)| = θ < aΦ implies that y /∈ Ext B(lΦ,p) by Theorem 1.
(iii) ⇒ (i) Suppose that x ∈ S(lΦ,p) is not a complex strongly extreme point of the unit ball B(lΦ,p). It follows from
Theorem 1 that k|x( j)| < aΦ for some k ∈ Kp(x) and j ∈ N . Then aΦ > k|x( j)|  0, which contradicts the assumption that
aΦ = 0. 
Theorem 5. (See [18].) If p = ∞, then lΦ,p = lΦ is complex rotund if and only if :
(i) Φ ∈ 2 , and
(ii) aΦ = 0.
Theorem 6. (See [3].) If p = ∞, then lΦ,p = lΦ is complex mid-point locally uniformly rotund if and only if :
(i) Φ ∈ 2 ,
(ii) aΦ = 0, and
(iii) for any x ∈ S(lΦ), ε > 0, there exists δ > 0 such that for every 0 	= y ∈ lΦ , there holds ‖y(1)‖Φ < ε3 , where y = y(1) + y(2) ,
y(1) =∑ j∈A y( j)ξ j , y(2) =∑ j /∈A y( j)ξ j, ξ j: ξ( j) = 1, ξ(m) = 0 for any m 	= j and
A =
{
j ∈ N:
∑
e=±1,±i
∣∣x( j) + ey( j)∣∣ 4(1+ δ)∣∣x( j)∣∣}.
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